Helical structures with Lennard-Jones self-interactions are studied for optimal conformations. For this purpose, their self-energy is analyzed for extrema with respect to the geometric parameters of the helices. It is found that Lennard-Jones helices exhibit a first order phase transition from a state with large curvature of the helical backbone to one with a small curvature. I.e. from a dense helix to an extended helix. A transition from one helical structure to another is a phenomenon known to take place in self-assembling helices formed in multicomponent solutions with cholesterol.
Introduction
Self-assembled biological springs are know to form from supersaturated surfactant-cholesterol solutions and display the formation of two distinct helices [1] . Early, this phenomenon was associated with a first order phase transition as coexistence of the two helical states has been observed when a helix is under tensile stress [2] . In this paper we study Lennard-Jones helices and show that this simple system has sufficient features to display a similar first order transition. Lennard-Jones helices, in the following considered as continuous lines, have a cousin in the polymer model of Lennard-Jones chains [3, 4] . The primary structure of Lennard-Jones chains is fixed, i.e. they have a constant bond length between bonded monomer units, their conformation (secondary structure) is determined by the interactions between non-bonded monomer units via the LennardJones potential, V ( ) = A/ 12 − B/ 6 . The attractive term, ∼ 1/ 6 , is related to van der Waals interactions which are ubiquitous in Nature and present even among neutral molecules. Compared to other non-covalent interactions such as ionic interactions and hydrogen bonding, the van der Waals attraction is weak, however its collective effect can remain significant. Usually, the van der Waals attraction between particles is considered as a sum of Keesom forces (permanent dipoles), Debye forces (permanent dipole-induced dipole), and London dispersion forces (instantaneously induced dipoles) [5, 6] . For classical systems such as spherical and cylindrical colloidal particles, the energy of van der Waals interactions was derived in the pairwise approximation [7] [8] [9] and generalized for the inclusion of retardation effect [10] [11] [12] [13] [14] . Further, van der Waals forces were calculated between colloidal particles of various simple geometric shapes [15, 16] as well as for more complicated symmetries such as shells [17] , tori [18] and helices [19] . The effect of charge on helicity has also been considered [20, 21] . Now we address the effect of van der Waals interactions on the conformation of Lennard-Jones helices. In order to find the zero-temperature conformation of the LennardJones helix we proceed with the following steps. We calculate the self-energy of the helix, and minimize it with respect to the helical pitch angle, i.e. the angle between the backbone of the helix and the plane perpendicular to the helical axis. In this way, the energy is found to have two minima with respect to the pitch angle, which indicates that a phase transition from the state with a large curvature of the helical backbone to the state with a small curvature can occur providing that the system can vary its interaction parameters. 
Model and method
A helical line is considered, see Fig. 1 . It can be characterized by the reduced pitch, , which is the height of one complete turn divided by 2π, and the radius, , of the cylinder hosting the helix. Together these two parameters determine the pitch angle, ν ⊥ , as tan ν ⊥ = / . Thus, the helical line can be parameterized in the following way
where is the azimuthal coordinate of the radius-vector. We denote by L the contour length of the helix, and by ρ the line density. To find the optimal conformation of the helix, it is necessary to calculate the self-energy of the helix as a sum of self-interactions. Consider two arbitrary points of the helical backbone with coordinates r 1 ( 1 ) and r 2 ( 2 ); the distance between them is
For helical geometries, the coordinates 1 and 2 come into the expression for the distance through the azimuth difference = 1 − 2 . The general expression for the self-energy of the helix is
where V (|r 1 ( 1 ) − r 2 ( 2 )|) is the interaction potential as a function of the distance between two interacting sites. We assume that the sites of the helix with coordinates 1 and 2 interact with each other via the Lennard-Jones potential
, the following expression for the self-energy of the helix is obtained
where the integration is performed over the domain
The integral in Eq. (5) diverges at small distances, There are different ways to handle such a divergence depending on the potential considered. In the current calculation a cutoff solution was chosen. The cutoff introduces an additional length-scale in the description of Lennard-Jones helices; is the smallest contour distance separating two interacting points. We have chosen to equate the lower cutoff with 1/ρ. This choice secures that the interaction of two lines for which the product of their length and line density is one gives the usual Lennard-Jones interaction in the limit that the two lines degenerate to two points at distance . As the integral function in Eq. (5) only depends on the azimuth difference = 1 − 2 , we substitute the integration over the area Equation (6) by the integration over the area
and subsequently reduce the double integral in Eq. (5) to a single integral. The expression for the self-energy of the Lennard-Jones helix in the limit of long helices, N = L/ 1, becomes:
Using the definition of pitch angle tan ν ⊥ = / one can rewrite the previous equation as
where we have defined the dimensionless interaction ratio τ = (A/B)/ 6 . The integration variable in Eq. (9) is the dimensionless distance along the helical backbone between two interacting points. In the present paper, the energy Equation (9) is analyzed for extremum in the limit N 1 as a function of pitch angle ν ⊥ for each radius / at fixed value of interaction parameter τ. The factor BN/ 6 in Eq. (9) does not affect the position of the extremum and can be omitted. Note, that the radius of the helix comes into the expression in the square brackets in Eq. (9) only as a combination / . Here all the length scales of the problem are calculated in terms of the cutoff value .
The choice of the interaction ratio τ is limited by the condition < (2A/B) 1/6 , where (2A/B) 1/6 is the coordinate of the minimum of the Lennard-Jones potential. This condition demands that two interacting points of the helical backbone separated by a distance have both repulsive and attractive contributions to their interaction potential. Thus, one obtains τ > 1/2; the typical values of the interaction ratio used in this work are τ > ∼ 1.
Results and discussion
Analysis of the self-energy Equation (9) shows that depending on the values of τ and 2 / it has either one or two distinct minima with respect to the pitch angle ν ⊥ . In the case of two minima, the first is located at small and the other one at large values of ν ⊥ , see Fig. 2 . Physically, this describes a situation where two conformations/phases are possible in the system: a compact helix and an open helix. Under certain conditions, the two minima of the self-energy can become of equal depth corresponding to a first order phase transition in the system. Fig. 2 shows a plot of the self-energy vs. pitch angle at 2 / = 0 972 and τ = 1 4 corresponding to a situation when the two minima become of equal depth. The first minimum is located at ν ⊥ ≈ 23 o , which describes a compact helix, while the other is located at ν ⊥ ≈ 60 o . It seems right to say that this structure would be considered rather stretched. Minimizing the self-energy Equation (9) with respect to ν ⊥ for each 2 / and fixed τ, one obtains the preferred helical conformation of the Lennard-Jones helix, see Fig. 3 . The curves in Fig. 3 correspond to . The plateau region indicates a first order phase transition from a conformation with a small pitch angle to one with larger pitch angle upon decreasing the diameter of the Lennard-Jones helix. In this case, the minima of the energy Equation (9) become of equal depth at a certain value of 2 / (compare the end points of the plateau region of the curve for τ = 1 4 in Fig. 3 with the energy plot in Fig. 2) . Interestingly, the curves in Fig. 3 calculated for fixed values of τ resemble the isotherms of a classic first order phase transition [22] . This analogy seems to be intuitively clear. Indeed, adjusted for the covalent connection of the monomer units of the helix, we are essentially considering a phase transition from a condensed state of matter, compact helix, to a low-density gas-like state, open helix. Using this analogy, the curve for τ = 1 17, where the plateau region disappears, can be labeled as a "critical isotherm". The curve of phase coexistence (binodal) can be calculated for each fixed value of τ by solving the following system of equations:
The binodal curve is shown in Fig. 3 as a black bold curve. It demonstrates a lower critical point located on the critical isotherm τ = 1 17. The coordinates of the critical point are found to be ν ⊥ = 33 5 o and (2 / ) = 0 88. As expected, the binodal curve crosses the end points of the plateau region of the isotherms, Fig. 3 . The compact helixopen helix phase transition for Lennard-Jones helices is observed to occur in a rather narrow range of interaction ratios, 1 17 ≤ τ < 1 50. At τ ≥ 1 50 the optimal pitch angle for the open helix state becomes ν ⊥ = 90 o corresponding to a conformation of a straight line. In the limit ν ⊥ → 90 o , the integrals in Equation (9) can be calculated analytically. Expanding the denominator of the integral function in Equation (9) into the series at ν ⊥ = 90 o in the following way:
one can calculate the self-energy of the helix in this limit: The dimensionless combination S = κ, where κ = /( 2 + 2 ) is the curvature of the Lennard-Jones helix, can be used as an order parameter of the system, similar to the nematic order parameter used for liquid crystals [23, 24] . Fig. 4 depicts the order parameter S as a function of 2 / . The value of S varies from 0 to 1, and has a jump at 2 / ∼ 1. Thus, one can conclude that there are two states present in the Lennard-Jones helix, one with small and the other one with larger curvature with a first order phase transition between them. It is also worthwhile noticing that the compact helix-open helix phase transition found for Lennard-Jones helices has a close analogy with the coil-globule transition studied in polymer science [25] [26] [27] . If the quality of a solvent becomes "worse", a polymer can experience a collapse from an expanded coil conformation to a condensed globule state. The main difference between these two states is the role of density fluctuations. A polymer coil is a strongly fluctuating ("breathing") system, while in a polymer globule the density fluctuations are suppressed. Lennard-Jones helices undergo a similar transition, where the compact helix can roughly be considered as a condensed non-fluctuating globule and the open helix can be associated with an extended polymer that would be a fluctuating coil if finite temperatures were considered.
Is the simple description of Lennard-Jones helices presented above relevant for modeling known helical structures. The cholesterol helices [1, 2] display coexistence of a phase with a pitch angle of about 16
• and one with 90
• [2] . This corresponds to a value of the dimensionless interaction ratio τ somewhat greater than 2, see Fig. 3 . A gratifying result. Can Lennard-Jones helices say something about the denaturing of α-helical polypeptides? Van der Waals interactions are considered to contribute significantly to the stability of the α-helices, for a discussion hereof and of the myriad of forces on play see ref. [28] . Considering the phase transition from compact to the open helix found in the present paper, there is a temptation to relate it to the famous helix-coil transition taking place for α-helical polypeptides [29, 30] . Caution in pursuing this analogy is necessary as one has to remember that the Lennard-Jones helix model ignores hydrogen bonds known to stabilize α-helices and ignores entropy. On the other hand, the effect of solvent, which is of importance for the cold denaturation of α-helices [31] [32] [33] [34] [35] , is implicitly included into the Lennard-Jones helix model, since the Lennard-Jones interaction constants can be expressed through the permittivity of the medium. The presence of a lower critical point suggests an analogy with the cold denaturation phenomenon. One trait of cold denaturing remains puzzling, and that is that it is an exothermic process. It has been suggested that this may originate in quantum partitioning [36] .
Conclusions
In the present work, optimal conformations of helical lines with a Lennard-Jones self-interaction potential have been studied. This simple model system contains sufficient complexity to display a first order transition between a relatively dense helix and a relatively stretched helix. One of the beautiful properties of the mathematical form of the Lennard-Jones potential is that all Lennard-Jones potentials are identical besides from a magnitude factor and a length-scale scaling. The intrinsic length-scale of the potential is normally described by the length σ = (2A/B) 1/6 . With the introduction of the minimum interaction distance, , we have lifted the potential for its universality and hence the optimum configuration becomes dependent on the ratio between σ and . For this purpose we have used the interaction parameter τ = σ 6 /2 6 , and the result is an interesting variation in phases. Analyzing the corresponding self-energy of these Lennard-Jones helices, we found that a compact helix can experience a first order phase transition to an open helix at certain values of the involved parameters. We suspect that this phenomenon to be a property of the way the interhelical distance distribution changes with the pitch of the helix, and that it does not depend on the exact shape of the potential.
